We realize the two dimensional anti-de Sitter (AdS 2 ) space as a S 1 compactification of the AdS 3 space in the framework of DLCQ (discrete light cone quantization). This realization of the AdS 2 space illustrates how the AdS 2 /CF T duality can be derived from the well-known AdS 3 /CF T duality.
the DLCQ procedure, introducing the DLCQ coordinates, which interpolates the original (unboosted) coordinates and the light cone coordinates. With this DLCQ coordinates we discuss the deformation of the boundary conformal field theory and show that AdS 2 /CF T correspondence can be deduced from the AdS 3 /CF T . As an application we evaluate the entropy of the AdS 2 black hole. The paper is concluded with a brief remarks on the AdS 2 /CF T correspondence and its extension.
We begin with a brief review of the well-known classical D1-D5 black hole in ten dimensions, which has its near horizon geometry as
where x 5 ∼ x 5 + 2πR s , x 6,7,8,9 ∼ x 6,7,8,9 + 2πV
. Hereafter we will take α ′ = 1 for the sake of convenience. As we introduce the following coordinate system,
we find that M BT Z corresponds to the well known three dimensional BTZ black hole, which has inner and outer horizons at ρ − and ρ + respectively
The mass and angular momentum of the black hole are given as
Here we note that the BTZ black hole becomes BPS object as we take the limit σ → ±∞ while keeping M, J finite; in this limit M ∓ J/l → 0.
It is tempting to reduce the three dimensional black hole to a two dimensional AdS black hole by the Kaluza-Klein reduction. The early attempt was made in ref. [12] , where the four dimensional Reissner-Nordström black hole is described as AdS 2 × S 2 . Rewriting the BTZ black hole metric Eq.(3) as
we may read the two dimensional metric g µν , µ, ν = τ, ρ and the U(1) gauge field
Thus, the BTZ black hole may be viewed as a two dimensional AdS black hole with a U (1) charge. However, since the radius of the compact S 1 , e 2D becomes large as we approach to the asymptotic region, it is not appropriate for our purpose.
A more suitable description of AdS 2 is given by Strominger in his recent work [8] , by taking the very near horizon limit of the extremal black hole. If we take an extremal limit U 0 → 0, σ → ∞, keeping U 0 e σ finite, the BTZ black hole becomes a BPS object
We may rewrite the metric of the BTZ black hole in the extremal limit Eq. (8) as
where
If we take the very near horizon limit, λ → 0, e 2ψ → T 2 . Then rescaling U appropriately, we find that the metric describes AdS 2 × S 1 .
The recent work on the AdS 2 /CF T duality [8] is based on this observation.
In this paper we will discuss the AdS 2 /CF T explicitly by applying the DLCQ procedure to the BTZ black hole, which reveals the relationship between the AdS 3 /CF T duality and the AdS 2 /CF T duality more transparently. The metric of the BTZ black hole in the light cone frame becomes
It suggests that the light cone coordinate, x − may be chosen to be compactified, since the dilaton is constant. Here we need to employ the DLCQ procedure in order to have a periodic light like coordinate. The DLCQ procedure has been recently discussed [10] in the context of the Matrix M-theory [11] . So some part of the analysis to be presented here also will be useful to study the Matrix M-theory. Let us suppose that x 5 is periodic,
Then by a Lorentz boost, we have
where x ′ ± = e ±α x ± are the boosted light cone coordinates. In the limit of the large boosting,
i.e. when the boosting parameter α → −∞, (equivalently R s → 0 with R kept finite), x ′ − becomes periodic;
Now let us take the Lorentz boost. It should be noted that the boost with a large amount also yields the Kaluza-Klein compactification. In the boosted coordinates,
Here we note that the dilaton factor, i.e., the compactification radius is constant. In the infinite DLCQ limit, the geometry becomes M 2 × S 1 . Here M 2 may be identified as AdS 2 black hole. Indeed redefining the coordinates,
we have more familiar form of two dimensional metric (see [13] and references therein.) as
Here x ′ + plays the role of time coordinate. Further taking the following coordinate trans-
leads us to the following AdS 2 metric,
In ref. [5] , one of the authors explicitly showed that the boundary conformal field theory is given by a SL(2, R) ⊗ SL(2, R) WZW model, which is equivalent to the three dimensional gravity on AdS 3 , resorting to the Faddeev-Shatashvili procedure. Since AdS 2 space is obtained by the Kaluza-Klein reduction from AdS 3 , the dimensional reduction leads us to the boundary conformal theory corresponding to the AdS 2 space. In the three dimensions the gravity can be described by a non-Abelian Chern-Simons gauge theory [14, 15] and in the presence of a cosmological constant the action is given by the non-Abelian Chern-Simons gauge theory with SL(2, R) ⊗ SL(2, R) as its gauge group
As we have seen, the DLCQ procedure results in the Kaluza-Klein reduction along the light like direction. Here we discuss the dimensional reduction of the Chern-Simons action for the gravity, which is concurrent with the DLCQ procedure. To be precise, we introduce a new coordinates (t, U,x) (hereafter called DLCQ coordinates) interpolating the original coordinates (t, U, x 5 ) (when α = 0) and the infinitely boosted light cone coordinates (x ′ + , U, x ′ − ) (when α → −∞): (t,x) ∼ (t,x + 2πR s √ cosh 2α). In the boosted frame we identify the periodic coordinate asx
The time coordinate is chosen such that ∂t is orthogonal to ∂x
In the infinite boosting limit
In this DLCQ coordinates, the metric reads as
Here we should keep σ ′ = σ − α finite in order to obtain the metric for the space M 2 × S 1 in the limit α → −∞,
It depicts an AdS 2 black hole with U(1) charge and coincides with the metric Eq. (13) obtained by a naive DLCQ procedure, where it is not clear to see that σ ′ should be kept finite. The mass and angular momentum of the black hole are given as
Thus, the AdS 2 black hole can be described in terms of the extremal AdS 3 black hole in the framework of DLCQ. In passing we note that the DLCQ procedure results in the extremal limit yet in a way different from the usual one described before Eq.(8); σ → −∞, and
The DLCQ coordinates are more useful when we discuss the boundary conformal field theory. We first give the DLCQ reduction of the bulk Chern-Simons action. We may rewrite the action as
Denoting the two dimensional space time indices by Greeks µ, ν, ρ ∈ {t, U}, we may cast the dreibein and the spin connection into the form of Kaluza-Klein reduction as
where a ∈ (0, 1). Then, imposing the torsion free conditions, which are obtained as a part of the equations of motion for the three dimensional Chern-Simons gravity,
where f µν = ∂ µ a ν − ∂ ν a µ and E b ρ is the inverse of the dreibein, we find that the ChernSimons action for the three dimensional gravity reduces to the action for the two dimensional gravity as expected
From the metric for the BTZ black hole in the light cone frame Eq. (10), we obtain the black hole solution in terms of the gauge fields as follows.
Among those, only the components Ax andĀx are physically important because the nontrivial geometrical structure of the three dimensional space is completely encoded by holonomies or Wilson loops of the Chern-Simons gauge fields [16] ,
where C is a closed curve and P denotes a path ordered product. Since in the limit where
we see that the the right SL(2, R) sector becomes trivial while the left SL(2, R) sector remains relevant. It is consistent with the observation that the DLCQ and scaling procedure results in the BPS limit. This also explains how the isometry group of AdS 3 , SL(2, R) ⊗ SL(2, R) reduces to the isometry group of AdS 2 , SL(2, R) in the framework of DLCQ.
As is discussed in ref. [5] , if the Chern-Simons action is defined on the space with a boundary, a suitable boundary term should be supplemented in accord with the given boundary condition. We may choose the boundary conditions as δ(A t + A 5 ) = 0, δ(Ā t −Ā 5 ) = 0. It follows that the boundary term is determined as
Then we get the action for the boundary conformal degrees of freedom by applying the Faddeev-Shatashvili procedure [17] ,
Now we are ready to take the DLCQ procedure for the action. In the DLCQ coordinates α G andᾱ G may be written as
Accordingly the total action can be rewritten in the DLCQ coordinates as follows, I tot = I+Ī,
,x) we may identify I as the left sector of the action for the BTZ black hole given in ref. [5] . We also find thatĪ can be understood as the right sector of the action for the BTZ black hole in terms of (τ
,x). The right sector is confined in the extreme low energy regime, thus, suppressed. The left SL(2, R) sector only becomes relevant to the AdS 2 .
The DLCQ procedure presented here describe explicitly how AdS 2 /CF T correspondence can be reduced from the AdS 3 /CF T . It would be interesting to explore its consequences in various contexts. One may find an application of the DLCQ procedure readily in evaluation of the entropy for the AdS 2 black hole. To evaluate the entropy, we adopt the result of ref.
[5], where the entropy of the three dimensional BTZ black hole is evaluated in accord with the proposal of Strominger [18] . Comparing the boundary action for the AdS 2 (34) with that for the BTZ black hole, given in ref. [5] , we find that the the expectation values of the Virasoro generators L 0 andL 0 for the AdS 2 black hole are given by
Here we assume that n L = n R = 0 for an appropriately chosen vacuum state of the black hole. Then it follows from the Cardy formula that the entropy for the AdS 2 black hole is evaluated as
As α → −∞, the right sector does not contributes to the entropy, S → 4πk √ GM . However, it may contribute to the entropy at quantum level through loop corrections. (Some difficulty in evaluating the entropy by applying the Cardy formula to the boundary conformal theory was pointed out by Carlip [19] . This difficulty may be resolved if we consider the spacetime Virasoro algebra, regarding the boundary conformal theory as the worldsheet action for the string on AdS 3 [7] . It would be worth while to extend the work of ref. [5] along this direction.)
We conclude this paper with a few brief remarks. We show that the AdS 2 black hole can be described as a DLCQ limit of the AdS 3 black hole. The boundary theory for AdS 2 is found to be a SL(2, R) WZW model defined on the light like coordinate. If we are concerned with the gravity on AdS 2 , the zero mode sector of the AdS 3 suffices in the framework of DLCQ.
In accordance with it, the zero mode sector of the WZW model given by the action Eq. (34) defines the boundary theory, hence a SL(2, R) quantum mechanics. The correspondence between the gravity on AdS 2 and the SL(2, R) boundary conformal quantum mechanics will be discussed in detail elsewhere. We note that the entropy of the AdS 2 black hole evaluated as Eq. (36) is the same as that of the AdS 3 black hole in the original frame. Thus, the entropy is preserved by the DLCQ procedure.
The present paper may be extended along various directions. One of the direction would be the DLCQ reduction of the string on AdS 3 [7] . It would be interesting to see if the DLCQ reduction leads us to a point source on AdS 2 and the entropy of AdS 2 black hole can be given by the quantum mechanics. This may clarify some subtle issues associated with the entropy of black holes in AdS 3 and AdS 2 . The two dimensional black hole has been one of the important subjects in string theory and gravity. It would be also worth while to study the two dimensional black holes in the framework given in the present paper.
This may enable us to discuss the various aspects of the two dimensional black holes [20, 21] from the viewpoint of the three dimensional black hole. The most important application of the present work may be found in the Matrix M-theory. DLCQ reduction of the M-brane configurations may shed some light on the Matrix M-theory. 
